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Abstract
In the present paper, a construction of spin weighted spherical wavelets
is presented. It is based on approximate identities, the wavelets are defined
for a continuous set of parameters, and the wavelet transform is invertible
directly by an integral.
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1 Introduction
In the paper [22] Newman and Penrose introduced an invariant differential op-
erator ð on the sphere and used it to define spin s spherical harmonics. Spin
weight of a function is defined by considering rotations around the radial direc-
tion of unit vectors tangent to the sphere, understood as vectors in the complex
line bundle, tangent to the sphere at each point. An L2-function sf is said to
have spin weight s ∈ Z, sf ∈ L
2
s, if it transforms by sf 7→ exp(isψ) sf , when-
ever a tangent vector at a point transforms by m 7→ exp(iψ)m. In this sense,
it is a tensorlike quantity [22]. It can be understood as a function of a point
on the sphere and a direction in the tangent space. However, a spin weighted
function is given as a scalar function of the two spherical variables ϑ ∈ [0, π]
and ϕ ∈ [0, 2π).
We refer the reader to the original paper [22], as well as to [13], where the
relationship between spin weighted spherical harmonics and elements of the
representation matrices of the rotation group SO(3) is pointed out. An exhaus-
tive explanation (with a slightly other machinery) and many applications can
be found in the excellent textbook [2], further examples of the usefulness of this
notion in physics are presented in [3].
In the recent years, several wavelet constructions for spin weighted functions
were presented. One of them are the needlet-type spin wavelets [9, 12], a gen-
eralization of the spherical needlets [10, 11], further developed to the mixed
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needlets [8]. Spin wavelets are given as series of s-zonal harmonics sZl,
sZl(x) =
l∑
m=−l
sY
m
l (x) sY
m
l (eˆ),
where eˆ denotes the north pole of the sphere. A discretized set of wavelets
constitutes a nearly tight frame and the wavelet transform is inverted by the
frame methods.
The construction of the mixed needlets is similar. The main difference is the
choice of the basic functions
l∑
m=−l
sY
m
l (x)Y
m
l (eˆ),
’mixed’ from the spin s weighted and the spin 0 weighted (i.e., scalar) spherical
harmonics. Further, the scale set is a priori discrete. Again, the reconstruction
results from the frame theory and is given as a series.
The directional spin wavelets [21] are intended to probe the directional inten-
sity of spin signals. The theory is based on group theoretical approach and the
difference between this theory and that based on approximate identities is dis-
cussed in [16] (for the case of spin 0 functions). The scale coefficient is a priori
discrete but there is a direct integral reconstruction formula.
There is one more construction of a wavelet transform for spin weighted spherical
functions worth to be mentioned. In [23] spin 2 functions are transformed into
spin 0 functions and they are a subject of the undecimated isotropic wavelet
transform.
In the present paper we introduce spin wavelet analysis being a generalization of
the spherical wavelet analysis based on approximate identities. Both the scale
and position parameters are continuous and a direct reconstruction is possible
by an integral.
The paper is organized as follows. In Section 2, basic information about spin
weighted functions are collected. A definition of the spin weighted wavelets and
the wavelet transform, as well as proofs of its invertibility and isometry are
the content of Section 3. An example of spin weighted wavelets is presented in
Section 4, and Section 5 contains a discussion on the relevance of this research.
2 Preliminaries
2.1 Spin-weighted functions on the sphere
Let S denote the 2-dimensional unit sphere in the Euclidean space R3. Points
on the sphere are given in the spherical coordinates (ϑ, ϕ) ∈ [0, π]× [0, 2π),
S ∋ x =
 sinϑ cosϕsinϑ sinϕ
cosϑ
 .
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Unless it leads to misunderstandings, the points are identified with their coor-
dinates. dσ denotes the Lebesgue measure of S, dσ(ϑ, ϕ) = sinϑ dϑ dϕ. The
scalar product of f, g ∈ L2(S) is defined by
〈f, g〉L2(S) =
∫
S
f(x) g(x) dσ(x),
such that ‖f‖22 = 〈f, f〉.
The spherical harmonics of degree l ∈ N0 and order m = −l,−l+ 1, . . . , l − 1, l
are defined by
Y ml (ϑ, ϕ) = (−1)
m
√
2l+ 1
4π
(l −m)!
(l +m)!
· Pml (cosϑ) · exp(imϕ) (m ≥ 0),
Y ml = Y
−m
l (m < 0),
where Pml denotes the associated Legendre polynomial. The spherical harmon-
ics constitute an orthonormal basis for L2(S) and they are functions of spin
weight 0.
Denote by L2s(S) the space of square integrable functions over the sphere with
spin weight s. The spin-raising operator
ð : L2s(S)→ L
2
s+1(S)
and the spin-lowering operator
ð¯ : L2s+1(S)→ L
2
s(S)
are given by
ð sf(ϑ, ϕ) = −
(
∂ϑ +
i
sinϑ
∂ϕ − s cotϑ
)
sf(ϑ, ϕ)
= − sins ϑ ·
(
∂ϑ +
i
sinϑ
∂ϕ
)
sf(ϑ, ϕ)
sins ϑ
,
ð¯ sf(ϑ, ϕ) = −
(
∂ϑ −
i
sinϑ
∂ϕ + s cotϑ
)
sf(ϑ, ϕ)
= −
1
sins ϑ
·
(
∂ϑ −
i
sinϑ
∂ϕ
)
[sf(ϑ, ϕ) · sin
s ϑ] .
The spin weighted spherical harmonics are defined as
sY
m
l =
√
(l − s)!
(l + s)!
ð
s Y ml , 0 ≤ s ≤ l,
sY
m
l =
√
(l + s)!
(l − s)!
(−1)s ð¯−s Y ml , −l ≤ s ≤ 0,
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and for each s ∈ Z they are an orthonormal basis for L2s(S). Every L
2
s(S)-
function sf has a unique representation as the Fourier series
sf =
∞∑
l=|s|
l∑
m=−l
sf̂
m
l sY
m
l
with the Fourier coefficients sf̂
m
l = 〈sY
m
l , f〉L2 , convergent in L
2-norm. The
space spanned by {sY
m
l : m = −l,−l+ 1, . . . , l} is denoted by sHl.
The following holds for the spin weighted spherical harmonics:
∞∑
l=|s|
l∑
m=−l
sY
m
l (ϑ1, ϕ1) sY
m
l (ϑ2, ϕ2) = δ(cosϑ1 − cosϑ2) δ(ϕ1 − ϕ2),
cf. [13, formula (3.15)]. Additionally, consider the kernel
sKl(x, y) :=
l∑
m=−l
sY
m
l (x) · sY
m
l (y). (1)
According to [2, formula (2.59)] it is equal to
sKl(x, y) = (−1)
−s
√
2l+ 1
4π
· sY
−s
l (ϑ3, ϕ3) · exp(−isχ3) (2)
where x = (ϑ1, ϕ1), y = (ϑ2, ϕ2) in the spherical coordinates, and (ϕ3, ϑ3, χ3)
are the Euler angles of the composition of rotations with the Euler angles
(0,−ϑ2,−ϕ2) and (ϕ1, ϑ1, 0). We shall prove the reproducing property of sKl.
Proposition 2.1 sKl is the reproducing kernel of sHl, i.e.,
(sKl ∗ sf)(x) :=
∫
S2
sKl(x, y) · sf(y) dσ(y) = sf(x)
for each sf ∈ sHl. The operator sf 7→ sKl ∗ sf is the projection sfl from L
2
s
onto sHl.
Proof. Let an sHl′ -function
sf =
l′∑
m=−l′
sf̂
m
l′ sY
m
l′
be given. Its convolution with sKl equals
(sKl ∗ sf)(x) =
∫
S2
sKl(x, y) · sf(y) dσ(y)
=
l∑
m=−l
l′∑
m′=−l′
sf̂
m′
l′ sY
m
l (x)
∫
S2
sY
m
l (y) · sY
m′
l′ (y) dσ(y)
=
l∑
m=−l
l′∑
m′=−l′
sf̂
m′
l′ sY
m
l (x) δll′ δmm′ = sf(x) δll′ .
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For an L2s-function note that L
2
s =
⊕∞
l=|s| sHl. 
Next we show that the kernel sKl is uniformly bounded.
Proposition 2.2 The estimation
|sKl(x, y)| ≤ C · l
2|s|+1 (3)
holds uniformly in x and y with a positive constant C.
The following auxiliary result will be used in the proof of the Proposition.
Lemma 2.3 For t ∈ [−1, 1], the Jacobi polynomials satisfy∣∣∣(1 + t)k · P (0,k)n (t)∣∣∣ ≤ 2k.
Proof. For k = 0, the Jacobi polynomials reduce to the Legendre polynomials,
which are uniformly bounded by 1,∣∣∣P (0,0)n (t)∣∣∣ = |Pn(t)| ≤ 1 for t ∈ [−1, 1],
see [14, formulae (8.962.2) and (8.917.7)]. Further, [14, formula and (8.961.6)]
yields∣∣∣(1 + t) · P (0,k+1)n (t)∣∣∣ ≤ n+ k + 1
n+ k2 + 1
·
∣∣∣P (0,k)n (t)∣∣∣+ n+ 1
n+ k2 + 1
·
∣∣∣P (0,k)n+1 (t)∣∣∣ .
The assertion is obtained by induction. 
Proof of Proposition 2.2. Formula (2) together with
sY
m
l (ϑ, ϕ) = (−1)
m ·
√
2l+ 1
4π
· dj−m,s(ϑ) · exp(imϕ),
(compare [2, second formula on p. 54]) yields
|sKl(x, y)| =
2l + 1
4π
·
∣∣dls,s(ϑ)∣∣ , (4)
dlm,k(ϑ) being the elements of the Wigner d-matrices. According to [1, for-
mula (99)],
dlm,k(ϑ) =
1
2k
√
(l − k)!
(l −m)!
(l + k)!
(l +m)!
· sink−m ϑ · (1 + cosϑ)m · P
(k−m,k+m)
l−k (cosϑ),
(5)
and the symmetry relation [1, formula (93)],
dlm,k(ϑ) = (−1)
m−k · dl−m,−k(ϑ), (6)
dls,s can be written as
dls,s(ϑ) =
(1 + cosϑ)|s|
2|s|
· P
(0,2|s|)
l−|s| (cosϑ)
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where P
(α,β)
n is the Jacobi polynomial. Thus, by Lemma 2.3,∣∣dls,s(ϑ)∣∣ ≤ ( 21 + cosϑ
)|s|
. (7)
for ϑ ∈ [0, π). On the other hand, by [1, formula (94)] for integer indices l, m,
k,
dlm,−k(ϑ) = (−1)
l−m · dlm,k(π − ϑ),
together with (6) and (5),
dls,s(π − ϑ) = (−1)
l−s dl−|s|,|s|(ϑ) =
(−1)l−s
2|s|
·
sin2|s| ϑ
(1 + cosϑ)|s|
· P
(2|s|,0)
l−|s| (cosϑ)
= (−1)l−s · sin2|s|
ϑ
2
· P
(2|s|,0)
l−|s| (cosϑ).
In order to estimate this expression we use [6, Main Theorem, p. 980] with
m = 1. Coefficient A0 is equal to 1, see [6, p. 994].
sin2|s|
ϑ
2
P (2|s|,0)n (cosϑ) =
Γ(n+ 2|s|+ 1)
Γ(n+ 1)
√
ϑ
sinϑ
[
J2|s|(Nϑ)
N2|s|
+O(N−1)
]
,
where
N = n+ |s|+
1
2
, ϑ ∈ (0, π),
and J2|s| denotes the Bessel function. The O-term is uniform with respect to
ϑ ∈ [0, π − ǫ]. Since
Γ(n+ 2|s|+ 1)
Γ(n+ 1)
= Π
n+2|s|
ι=n+1 ι = Π
|s|
ι=1(n+ ι)(n+ 2|s|+ 1− ι)
≤ Π
|s|
ι=1(n+ |s|+
1
2 )
2 = (n+ |s|+ 12 )
2|s|,
and by [20, formula (43)],
|J2|s|(t)| <
b
3
√
2|s|
uniformly in t with b = 0.674885 . . . , the absolute value of dls,s(π − ϑ) is for
ϑ ∈ (0, π − ǫ] bounded by
∣∣dls,s(π − ϑ)∣∣ ≤ (l + 12 )2|s| ·
√
ϑ
sinϑ
·
(
1
3
√
2|s|
+
C
l + 12
)
,
where C is a constant depending on ǫ. The limiting case ϑ → 0 is obtained by
continuity and convergence of ϑ/ sinϑ. Thus,∣∣dls,s(π − ϑ)∣∣ ≤ C · (l + 12 )2|s|
uniformly for ϑ ∈ [0, π−ǫ] and with another constant C. This, together with (7),
yields ∣∣dls,s(ϑ)∣∣ ≤ C · l2|s|
uniformly in ϑ ∈ [0, π] for a constant C > 0. The assertion follows by (4). 
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2.2 Rotations of spin weighted functions and their zonal
product
SO(3)-rotations Υ are given in the Euler angles, Υ = (α, β, γ), denoting the
rotation of the points on the sphere in a fixed coordinate system about OZ,
OY , and OZ axes by γ, β, and α, respectively. The rotation of a spin weighted
function sf on the sphere is defined by
(RΥ sf)(x) := exp(−isκ) · sf
(
Υ−1x
)
, Υ ∈ SO(3), (8)
with κ ∈ [0, 2π) being the third Euler angle of Υ−1Ξ, where Ξ is the rotation
given by the Euler angles (ϕ, ϑ, 0) for x = (ϑ, ϕ) in the spherical coordinates.
The exponential factor exp(−isκ) ensures that the rotation of sf is again a
function with spin weight s [21, Subsection 2.4] [4, Appendix A].
According to [21, 4], the spin weighted spherical harmonics satisfy
RΥ sY
m
l =
l∑
k=−l
Dkml (Υ) · sY
k
l , (9)
where Dkml , l ∈ N0, k,m ∈ Z, |k|, |m| ≤ l, are the Wigner D-functions, i.e., the
matrix elements of the irreducible unitary representation of the rotation group
SO(3), orthogonal to each other in the sense that〈
Dk1m1l1 , D
k2m2
l2
〉
L2(SO(3))
:=
∫
SO(3)
Dk1m1l1 (Υ)D
k2m2
l2
(Υ) dν(Υ)
=
8π2
2l1 + 1
δl1l2δk1k2δm1m2 ,
(10)
dν being the Haar measure on SO(3) = S × T , T = [0, 2π), normalized such
that
∫
SO(3) dν(Υ) = 8π
2.
Analogously to the spin 0case [5], we introduce the zonal product of spin
weighted square integrable functions by
(s1f ∗ˆ s2g)(x, y) =
∫
SO(3)
(RΥ s1f)(x) · (RΥ s2g)(y) dν(Υ), x, y ∈ S.
It is well-defined by the Ho¨lder inequality and∫
SO(3)
|(RΥ sf)(x)|
2
dν(Υ) = 2π
∫
S
|sf(x)|
2 dσ(x) <∞.
Lemma 2.4 For sf, sg ∈ L
2
s,
(sf ∗ˆ sg)(x, y) =
∞∑
l=|s|
8π2
2l+ 1
l∑
m=−l
sf̂
m
l · sĝ
m
l · sKl(x, y) a.e.
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Proof. For an integer N > |s|, set
rN (x, y) =
∫
SO(3)
N∑
l1=|s|
l1∑
m1=−l1
N∑
l2=|s|
l2∑
m2=−l2
sf̂
m1
l1
· sĝ
m2
l2
· (RΥ sY
m1
l1
)(x) · (RΥ sY
m2
l2
)(y) dν(Υ).
By the Ho¨lder inequality and the square summability of the Fourier coefficients
sf̂
m
l , sĝ
m
l ,
rN −→ sf ∗ˆ sg for N →∞ (11)
in L2-sense. Equation (9) yields
rN (x, y) =
N∑
l1=|s|
l1∑
m1=−l1
N∑
l2=|s|
l2∑
m2=−l2
sf̂
m1
l1
· sĝ
m2
l2
·
l1∑
k1=−l1
l2∑
k2=−l2
sY
k1
l1
(x) · sY
k2
l2
(y) ·
∫
SO(3)
Dk1m1l1 (Υ) ·D
k2m2
l2
(Υ) dν(Υ).
Thus, by (10),
rN (x, y) =
N∑
l1=|s|
l1∑
m1=−l1
N∑
l2=|s|
l2∑
m2=−l2
sf
m1
l1
· gm2l2
·
l1∑
k1=−l1
l2∑
k2=−l2
sY
k1
l1
(x) · sY
k2
l2
(y) ·
8π2
2l1 + 1
δl1l2δk1k2δm1m2
=
N∑
l=|s|
8π2
2l + 1
l∑
m=−l
sf
m
l · g
m
l ·
l∑
k=−l
sY
k
l (x) · sY
k
l (y).
Using notation (1), we can write it as
rN (x, y) =
N∑
l=|s|
8π2
2l+ 1
l∑
m=−l
sf
m
l · g
m
l · sKl(x, y).
The assertion follows by (11). 
3 The continuous wavelet transform of spin weighted
functions
The following definitions generalize the concept of the bilinear wavelets and the
bilinear wavelet transforms based on approximate identities [7, 5, 16] to the case
of spin weighted functions.
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Definition 3.1 Let α : R+ → R+ be a weight function, piecewise continuous
and bounded on compact sets. A family {sΨρ}ρ∈R+ ⊆ L
2
s(S) is called an admis-
sible spherical wavelet of spin weight s if it satisfies the following conditions:
1. for l ∈ N0, l ≥ |s|,
l∑
m=−l
∫ ∞
0
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · α(ρ) dρ = 2l+ 18π2 , (12)
2. for a fixed ρ,
∞∑
l=|s|
l2|s| ·
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 <∞. (13)
Definition 3.2 Let {sΨρ}ρ∈R+ be a spherical wavelet with spin weight s. Then,
the spherical wavelet transform
WΨ : L
2
s(S)→ L
2(R+ × SO(3))
is defined by
(WΨsf)(ρ,Υ) =
∫
S
(RΥ sΨρ)(x) · sf(x) dσ(x). (14)
The integral in (14) is absolutely convergent, since both the wavelet and the
analyzed function are square integrable.
Theorem 3.3 If {sΨρ}ρ∈R+ is an admissible wavelet, then the wavelet trans-
form is invertible by
sf(x) = lim
R→0
∫ 1/R
R
∫
SO(3)
(RΥ sΨρ)(x) · (WΨ sf)(ρ,Υ) dν(Υ) · α(ρ) dρ (15)
with limit in L2-sense.
Proof. Denote the inner integral in (15) by rρ(x). By (14), it is equal to
rρ(x) =
∫
SO(3)
∫
S
(RΥ sΨρ)(x) · (RΥ sΨρ)(y) · sf(y) dσ(y) dν(Υ).
Since the functions sΨρ and sf are square integrable, the integral is convergent
and the order of integration may be changed according to Fubini’s theorem,
rρ(x) =
∫
S
∫
SO(3)
(RΥ sΨρ)(x) · (RΥ sΨρ)(y) dν(Υ) · sf(y) dσ(y)
=
∫
S
(
sΨρ ∗ˆ sΨρ
)
(x, y) · sf(y) dσ(y).
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According to Lemma 2.4, the zonal product of the wavelets can be expressed as
(
sΨρ ∗ˆ sΨρ
)
(x, y) =
∞∑
l=|s|
8π2
2l+ 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · sKl(x, y). (16)
By (3) and (13), the series on the right-hand-side of (16) is uniformly bounded.
Since sf ∈ L
2(S) ⊂ L(S), the order of integration over S and summation with
respect to l in
rρ(x) =
∫
S
∞∑
l=|s|
8π2
2l + 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · sKl(x, y) · sf(y) dσ(y)
can be changed. With Proposition 2.1 we obtain
rρ =
∞∑
l=|s|
8π2
2l+ 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · sfl
=
∞∑
l=|s|
l∑
k=−l
(
8π2
2l + 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2
)
· sf̂
k
l · sY
k
l .
The coefficients
s(r̂ρ)
k
l :=
(
8π2
2l + 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2
)
· sf̂
k
l
are summable by (13) and boundedness of sf̂
k
l . Thus, they are square summable
and r ∈ L2s(S). This justifies the usage of notation s(r̂ρ)
k
l . For any R, the L
2-
norm L(R) of
f −
∫ 1/R
R
rρ · α(ρ) dρ
satisfies
[L(R)]2 =
∞∑
l=|s|
l∑
k=−l
[
1−
∫ 1/R
R
8π2
2l+ 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · α(ρ) dρ
]2
·
(
sf̂
k
l
)2
.
(17)
By (12), for each (l, k) the difference in brackets on the right-hand-side of (17)
is bounded. Thus, by square summability of
(
sf̂
k
l
)
l,k
, the series in (17) is
uniformly bounded. Consequently,
lim
R→0
[L(R)]2
=
∞∑
l=|s|
l∑
k=−l
lim
R→0
[
1−
∫ 1/R
R
8π2
2l+ 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · α(ρ) dρ
]2
·
(
sf̂
k
l
)2
= 0,
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and the assertion follows. 
Similarly as in the case of spin 0 functions [16], the wavelet transform is an
isometry.
Theorem 3.4 Let {sΨρ}ρ∈R+ be an admissible spherical wavelet of spin weight s
and sf, sg ∈ L
2
s(S). Then,
〈WΨ sf,WΨ sg〉 = 〈sf, sg〉
where the scalar product in the wavelet phase space is given by
〈F,G〉L2(R+×SO(3)) =
∫ ∞
0
∫
SO(3)
F (ρ,Υ)G(ρ,Υ) dν(Υ)α(ρ) dρ.
The proof is analogous to that of Theorem 3.3.
Proof. For a fixed ρ, Denote by rρ the integral
rρ =
∫
SO(3)
(WΨ sf)(ρ,Υ) · (WΨ sg)(ρ,Υ) dν(Υ)
=
∫
SO(3)
∫
S
(RΥ sΨρ)(x) sf(x) dσ(x) ·
∫
S
(RΥ sΨρ)(y) sg(y) · dσ(y) dν(Υ).
A change of the integration order yields
rρ =
∫
S
∫
S
∫
SO(3)
(RΥ sΨρ)(x) · (RΥ sΨρ)(y) · dν(Υ)︸ ︷︷ ︸
sΨρ ∗ˆ sΨρ(x,y)
· α(ρ) dρ · sf(x) dσ(x) · sg(y) dσ(y).
According to (16), this expression is equal to
rρ =
∫
S
∫
S
∞∑
l=|s|
8π2
2l+ 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · sKl(x, y) · sf(x) dσ(x) · sg(y) dσ(y).
By (3) and (13), the order of integration and summation may be changed,
rρ =
∫
S
∞∑
l=|s|
8π2
2l + 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · ∫
S
sKl(x, y) · sf(x) dσ(x) · sg(y) dσ(y)
=
∫
S
∞∑
l=|s|
8π2
2l + 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · sfl(y) · sg(y) dσ(y).
Since
sfl(y) ≤ ‖sKl(◦, y)‖L2 · ‖sf‖L2 ≤ C · l
2|s|+1,
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the series is absolutely convergent, and the order of summation and integration
may be changed,
rρ =
∞∑
l=|s|
8π2
2l+ 1
l∑
m=−l
∣∣∣s(Ψ̂ρ)ml ∣∣∣2 · ∫
S
sfl(y) · sg(y) dσ(y).
By the orthogonality of the spin weighted spherical harmonics,∫
S
sfl(y) · sg(y) dσ(y) =
l∑
k=−l
sf̂
k
l · sĝ
k
l .
The assertion follows by the square summability of the Fourier coefficients sf̂
k
l ,
sĝ
k
l and condition (12), with the same arguments as in the proof of Theorem 3.3.

Remark. In the case of spin 0 functions, there is a distinguished class of zonal
functions, i.e., those invariant with respect to the rotation about the z-axis.
For zonal wavelets, SO(3)-rotations simplify to S-translations and the wavelet
coefficients depend on the scale and the position (instead of rotation) [16, 19].
We do not attempt to generalize the notion of zonal wavelets to the spin weighted
case. There exists a family of spin weighted functions invariant with respect to
the rotations about the z-axis, namely those with Fourier coefficients sf̂
m
l that
do not vanish only for m = 0. However, a pure coordinate rotation of a spin
weighted function is not a function with the same spin order, see [21, footnote 7],
and in the rotation formula (8) the exponential factor exp(−isκ) must occur.
Thus, the resulting formulae would be as sophisticated as those defining the
wavelet transform for the whole rotation group.
4 Example of spin weighted wavelets
It is straightforward to construct spin weighted wavelets with a generating
function, analogous to the wavelets of spin 0 such as Abel-Poisson, Gauss-
Weierstrass, or Poisson wavelets. A generalization of these examples is pre-
sented in [17, Theorem 2.6], and the following theorem gives their adaptation
to the spin weighted case.
Theorem 4.1 A family {sΨρ} of L
2
s-functions given by
s(Ψ̂ρ)
0
l =
1
2π
·
√
2l+ 1
2
·
√
4c · a
Γ(2c)
·
(
ρa [qγ(l)]
b
)c
exp
(
−ρa [qγ(l)]
b
)
,
s(Ψ̂ρ)
k
l = 0, k 6= 0,
for l ∈ N0, where qγ is a polynomial of degree γ, strictly positive for a positive l,
and a, b, c — some positive constants, is a wavelet with respect to the weight
α(ρ) = 1/ρ.
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Proof. Conditions (12) and (13) can be verified by a direct calculation. 
5 Discussion
It has been shown in [16] that there exist two essentially different continuous
wavelet transforms for square integrable functions over the sphere, namely that
based on group theory and that based on approximate identities. The first one
has been recently generalized to the case of spin weighted functions [21]. The
present paper constitutes the ’approximate identities’ counterpart to the work
of McEwen et al. Significant advantages of the construction introduced here are
the facts that the wavelet transform is defined for a continuous set of parameters
and that it is invertible by an integral. Similarly as in [21], admissible wavelets
can reveal directional features such that directional intensity of spin signal can
be analyzed. Further, the constraints on a function family to be a wavelet are
quite weak such that a wise class of functions can play a role of a wavelet.
One can construct wavelets with desired featured, such as angular selectivity or
uncertainty product (compare [15, 18] for the spin 0 case).
Moreover, it seems plausible that wavelet frames exist, both continuous and
discrete, compare [17] for the scalar wavelet transform. This will be the object
of my future research.
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